Abstract. Representation theory is developed for the class of Galois algebras introduced recently by the authors. In particular, categories of Harish-Chandra modules are studied for integral Galois algebras which include generalized Weyl algebras, the universal enveloping algebra of gl n , the quantization and Yangians for gl 2 .
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Introduction
The important tools in the representation theory of algebras are the restriction of representations onto subalgebras and the induction from subalgebras. The choice of a subalgebra is essential in order to have an effective representation theory. Commutative algebra provides the following classical example. An integral extension A ⊂ B of two commutative rings induces a surjective map ϕ : Spec B → Spec A, i.e. the fiber of ϕ is non-empty for every point of Spec A. For example, this is the case when A = B G , where G is a finite subgroup of the automorphism group of B. Moreover, if B is finite over A then all fibers ϕ −1 (I), I ∈ Spec A are finite. In particular, ϕ induces a surjection from the maximal spectrum of B to the maximal spectrum of A. Hence every character of A, i.e. a homomorphism into a field, can be extended to a character of any integral extension of A, and the number of different extensions is finite if B is finite over A. The Hilbert-Noether theorem provides an example of such situation with B being the symmetric algebra on a finite-dimensional vector space V and A being the G-invariants of B, where G is a finite subgroup of GL(V ).
The primary goal of this paper is to generalize these results to the "semi-commutative" case Γ ⊂ U where U is an associative non-commutative Galois algebra with respect to an integral domain Γ. The canonical embedding Γ ⊂ U induces a multi-valued "function" from the set L Specm U of left maximal ideals of U to Specm Γ. The goal is to find natural sufficient conditions for the fibers of this map to be non-empty and finite for any point in Specm Γ. Essential techniques in the development of such approach are based on the theory of categories of Harish-Chandra U-modules with respect to Γ, developed in [DFO] .
Let K its field of fractions, K ⊂ L a finite Galois extension, G = G(L/K) the corresponding Galois group, M ⊂ Aut L a separating (cf. Definition 2) submonoid. Assume that the group G acts on M by conjugation and this action skew commutes with the action on L. Then G acts on the skew group algebra L * M by isomorphisms. Denote by L * M G the subalgebra of G-invariants in L * M. A finitely generated Γ-subalgebra U ⊂ L * M G is called a Galois algebra with respect to Γ if KU = UK = L * M G [FO] . Hence, a Galois algebra U with respect to Γ is simply a Γ-order in L * M G . The properties and the structure theory of Galois algebras have been studied in [FO] . Well known examples of Galois algebras include generalized Weyl algebras over integral domains with infinite order automorphisms, such as n-th Weyl algebra A n , quantum plane, q-deformed Heisenberg algebra, quantized Weyl algebras, Witten-Woronowicz algebra among the others [Ba] , [BavO] ; the universal enveloping algebra U(gl n ) with respect to the Gelfand-Tsetlin subalgebra; quantized enveloping algebraȖ q (gl 2 ) with respect to Gelfand-Tsetlin subalgebra [KS] ; restricted Yangians with respect to Gelfand-Tsetlin subalgebras for gl 2 [FMO] .
Note that the algebra L * M G has the canonical decomposition into the sum of pairwise non-isomorphic finite dimensional left or right K-modules (cf. (2)). For a class of Galois algebras the algebra U itself decomposes into the sum of pairwise non-isomorphic finitely generated Γ-bimodules (Corollary 3.3). After the localization this decomposition coincides with the decomposition of U[S −1 ] (or [S −1 ]U). These algebras satisfy some local finiteness condition and they are defined as follows. Definition 1. A Galois algebra U with respect to Γ is called right (respectively left) integral if for any finite dimensional right (respectively left) K-subspace W ⊂ U[S −1 ] (respectively W ⊂ [S −1 ]U), W ∩ U is finitely generated right (respectively left) Γ-module. A Galois algebra is integral if it is both right and left integral.
If Γ ⊂ U ⊂ K ⊂ L and U is finitely generated over Γ, then U is clearly Galois algebra with respect to Γ. Moreover, U is integral if and only if U is an integral extension of Γ. All Galois algebras listed above are also examples of integral Galois algebras with respect to corresponding subalgebras. If U is a Galois algebra with respect to Γ, which is free as a right (left) Γ-module then U is right (left) integral (cf. Proposition 3.1).
The properties of integral Galois algebras are studied in Section 3. Their representations are discussed in Section 6.
Our first main result is the following Theorem A. Let U be a right integral Galois algebra with respect to an integral domain Γ, ϕ : Γ → U a canonical embedding and ϕ * : L Specm U → Specm Γ the induced multivalued function. Then the fibers of ϕ * are non-empty for any point of Specm Γ.
Our second main result gives sufficient conditions for the the fibers of ϕ * to be finite. Consider an induced action of M on Specm Γ and for m ∈ Specm Γ denote by St M (m) the stabilizer of m in M.
Theorem B. Let Γ be an integral domain which is finitely generated as a k-algebra, U an integral Galois algebra with respect to Γ. If St M (m) is finite then the fiber (ϕ * ) −1 (m) is finite.
These two theorems guarantee that an integral Galois algebra with respect to Γ has a nice theory of Harish-Chandra modules with respect to Γ (cf. Section 6.4 ). Moreover, integral Galois algebras allow to study effectively the whole category of modules. We are going to address this question in a subsequent paper.
The following result shows that generic maximal ideals of Γ parametrize simple HarishChandra modules.
Theorem C. Let M be a group, Γ a noetherian normal k-algebra, U an integral Galois Γ-algebra. Then there exists a massive subset W ⊂ Specm Γ such that for any m ∈ W , |(ϕ * ) −1 (m)| = 1 and hence there exists a unique simple U-module L m whose support contains m. Moreover, the extension category generated by L m contains all indecomposable modules whose support contains m and is equivalent to the categoryΓ m − mod of modules over the completion of Γ with respect to m.
As an application of a developed theory we obtain the following generalized version of the Harish-Chandra theorem. Theorem D. Let M be a group, Γ a noetherian normal k-algebra, U an integral Galois Γ-algebra. Then for any nonzero u ∈ U there exists a massive set of non-isomorphic simple Harish-Chandra U-modules on which u acts nontrivially.
Preliminaries
All fields in the paper contain the base algebraically closed field k of characteristic 0. All the algebras in the paper are k-algebras. If K is a field thenK will denote the algebraic closure of K.
2.1. Categorical setup. If A is an associative ring then by A − mod we denote the category of finitely generated left A-modules. Let C be a category, i, j ∈ Ob C. Sometimes we will write C(i, j) instead of Hom C (i, j).
Recall, that a category C is called the category over k, provided that all Hom C -sets are endowed with a structure of a k-vector space and all the compositions are k-bilinear.
The category of C-modules C − Mod is defined as the category of k-linear functors M : C −→ k − Mod, where k − Mod is the category of k-vector spaces. The category of finitely generated C-modules we denote by C − mod. If Ob C is finite, then the categories C − Mod and A(C) − Mod are equivalent.
Integral extensions.
Details of the facts listed in this section can be found in [Mat] , [AM] .
Let A be an integral domain, K its field of fractions andÃ the integral closure of A in K. The ring A is called normal if A =Ã.
Proposition 2.1. Let A be a normal noetherian ring, K ⊂ L a finite Galois extension,Ā is the integral closure of A in L. ThenĀ is a finite A-module.
Corollary 2.1.
• IfÃ is noetherian thenĀ is finite overÃ.
• If A is a finitely generated k-algebra thenĀ is finite over A. In particular,Ã is finite over A.
Denote by Specm A (Spec A) the space of maximal (prime) ideals in A, endowed with Zarisky topology. Let ı : A ֒→ B be an integral extension. Then it induces a surjective map Specm B → Specm A (Spec B −→ Spec A). In particular, for any character χ : A → k there exists a characterχ : B → k such thatχ| A = χ. If, in addition, B is finite over A, i.e. finitely generated as an A-module, then the number of different characters of B which correspond to the same character of A, is finite. Hence we have in particular Corollary 2.2. If A is a finitely generated k-algebra then for any character χ : A → k there exists finitely many charactersχ :Ā → k such thatχ| A = χ.
2.3. Skew (semi)group rings. Let R be a ring, M a semigroup and f : M −→ Aut(R) a homomorphism. Then M acts naturally on R: r g = f (g)(r) for g ∈ M, r ∈ R.
The skew semigroup ring, R * M, associated with the left action of M on R, is a free left R-module, m∈M Rm, with a basis M and with the multiplication defined as follows
If the action of M is trivial on R then R * M coincides with the semigroup ring R [M] . If x ∈ R * M and m ∈ M then denote by x m the element in R such that x = m∈M x m m. Assume, a finite group G acts by automorphisms on R and by conjugations on M. Then G acts on R * M and R * M G will denote the invariants under this action.
Clearly,
2.4. Galois algebras. We will assume that Γ is an integral domain, K is the field of fractions of Γ, K ⊂ L is a finite Galois extension with the Galois group G, ı : K → L is a natural embedding,Γ is the integral closure of Γ in L.
Note that if M is separating then M ∩ G = {e}. The converse holds if M is a group.
Remark 2.1. The following conditions are equivalent (1) Monoid M is separating with respect to K.
(2) For any m ∈ M, m = e there exists γ ∈ K such that γ m = γ.
2 . We will assume that M ⊂ Aut L is a separating monoid on which G acts by conjugations. Let U be a Galois algebra with respect to Γ.
Lemma 2.1. [FO] Let u ∈ U be nonzero element,
In particular it shows that for every m ∈ M the algebra U contains the elements
3. Integral Galois algebras 3.1. Characterization of integral Galois algebras. Let M be a right Γ-submodule in a Galois algebra U. Set
This is clearly a right Γ-module, which we call the module of denominators of M.
Lemma 3.1. For right Γ-submodules of U holds the following.
(
Proof. Statements (1) and (3) are obvious. Statements (2) and (4) follow from the fact that U is torsion free over Γ. Theorem 2.1 (1) claims that U e ⊂ K, implying (5).
We have the following characterization of right integral Galois algebras. The case of left integral algebras is considered analogously. Lemma 3.2. A Galois algebra U with respect to a noetherian Γ is right integral if and only if for every finitely generated right Γ-module M ⊂ U, the right Γ-module D r (M) is finitely generated.
Proof. Assume U is right integral. Then MK is a finite dimensional right K-vector space, hence D r (M) = MK ∩M is finitely generated right Γ-module. Conversely, let W ⊂ L * M G be a finite dimensional right K-vector space. Choose a basic w 1 , . . . , w n ∈ W . Then for each i = 1, . . . , n there exists γ i ∈ Γ, such that w i γ i ∈ U. Hence, for finitely generated
is finitely generated over Γ. Therefore U is right integral.
Corollary 3.1. If U is right (left) integral then Γ ⊂ U e is an integral extension. In particular U e is a normal ring.
Proof. Lemma 3.1, (5) shows that U e = U ∩ Le ⊂ K is finitely generated right (left) Γ-module. Moreover, it is finitely generated as left and right Γ-module simultaneously. Clearly, the statement now follows from Corollary 2.1.
The notion of integrality of U has the following immediate impact on the representation theory of U.
2) Let U be a right integral Galois algebra with respect to Γ, m ∈ Specm Γ. Then Um = U, or equivalently U ⊗ Γ Γ/m = 0.
Proof. Choose a maximal right Γ-submodule N ′ ⊂ M, such that N ∩ N ′ = 0. It exists by the Zorn lemma. Then for every nonzero m ∈ M holds N ∩ (N ′ + mΓ) = 0, or equivalently, for some nonzero
To show (2) assume the opposite. Then 1 ∈ Um, i.
Consider the module of denominators
. Then u i ∈ M for all i = 1, . . . , n and 1 ∈ Mm. Note that M contains a Γ-submodule U e = D r (Γ). Applying (1), we obtain that M ≃ U e ∔ N for some right Γ-submodule N ⊂ M. Note that Γ ⊂ U e is an integral extension of finite rank, and hence U e m = U e . In particular 1 ∈ U e m. But then 1 ∈ Mm = U e m ∔ Nm, which is a contradiction.
Examples of integral Galois algebras.
Example 3.1. Following Section 7.1 in [FO] , commutative Galois algebras with respect to Γ are just finitely generated over Γ subrings in K. Such Galois algebra is integral only if the extension Γ ⊂ U is integral. Indeed, assume that U is integral. Let u ∈ U be a non-integral element. Then Γ[u] is not a finitely generated Γ-module. On the other hand, let a 0 u n + a 1 u n−1 + . . . + a n = 0, a 0 , . . . , a n ∈ Γ, a 0 = 0.
Since M is finitely generated we obtain a contradiction with the integrality of U.
Suppose now that the extension Γ ⊂ U is integral and Γ is noetherian then immediately U is integral over Γ, since any Γ-submodule inΓ is finitely generated.
Next we establish the following convenient sufficient condition of the integrality.
Proposition 3.1. Let U be a Galois algebra with respect to Γ. If U is free as a right (left) Γ-module and Γ is a noetherian algebra then U is right (left) integral.
Proof. Indeed, every finitely generated right Γ-submodule M ⊂ U belongs to F , where
′ are free right modules and F is of finite rank. Then D r (M) ⊂ F . Moreover, it is finitely generated, since Γ is noetherian.
Example 3.2. Recall that U(gl n ) is a Galois algebra with respect to its Gelfand-Tsetlin subalgebra, [FO] , Corollary 7.2. Hence U(gl n ) is integral due to Proposition 3.1 and [Ov] .
) then U is a Galois algebra with respect to the Gelfand-Tsetlin subalgebra Γ (cf. [FO] , Section 7.3.2). Moreover, U is free over Γ by [FMO] , Theorem 3.4. Applying Proposition 3.1 we conclude that U is integral.
, then due to Proposition 3.1 U is an integral Galois algebra.
is an integral Galois algebra with respect to Γ.
all a m are inΓ. In particular, if u ∈ U e then u = [a e e], where a e ∈ K ∩Γ. Since Γ is normal then a e ∈ Γ and U e = Γ. Applying Theorem 3.2, (2) we obtain the integrality of U.
3.3. Harish-Chandra subalgebras. A Γ-bimodule V we call quasi-central if for any v ∈ V , the Γ-bimodule ΓvΓ is finitely generated both as a left and as a right Γ-module. In particular, commutative subalgebra Γ ⊂ U is called a Harish-Chandra subalgebra in U if U is a quasi-central Γ−bimodule [DFO] .
We have the following characterization of Harish-Chandra subalgebras in Galois algebras.
Proposition 3.2. Assume that Γ is finitely generated as an algebra over k. Then Γ ⊂ U ⊂ L * M is Harish-Chandra if and only if m ·Γ =Γ for every m ∈ M.
Proof. Note thatΓ if finitely generated as Γ-module. Suppose first m ·Γ =Γ for every
is finitely generated over Γ from the left, since ϕ(Γ) ⊂Γ, and it is finitely generated from the right, since ϕ −1 (Γ) ⊂Γ. Conversely, assume Γ[aϕ]Γ is finitely generated right Γ-module for any generator [aϕ] .
The following example shows that the condition M · Γ ⊂Γ does not imply the condition
Example 3.7. Let g be a simple finite-dimensional Lie algebra, H a Cartan subalgebra of g, U(g) and U(H) are universal enveloping algebras of g and H respectively. Then U(H) is a Harish-Chandra subalgebra in U(g). But U(H) is not maximal commutative subalgebra of U(g). Hence U(g) is not Galois algebra with respect to U(H) by Theorem 2.1, (2).
Proposition 3.3. If U is a right (left) integral Galois algebra with respect to noetherian
Proof. Let U be right integral and [aϕ] a standard generator of U. It is enough to check that ϕ −1 (Γ) ⊂Γ. Assume γ ∈ Γ is such that x = ϕ −1 (γ) ∈Γ. In particular, it implies that the right Γ-submodule of U,
is not finitely generated. On the other hand, x is an algebraic over Γ.
Consider the following finitely generated right Γ-module
Since U is right integral then D r (N) = M is finitely generated, which is a contradiction. Hence ϕ −1 (Γ) ⊂Γ. The case of left Galois algebras can be considered similarly.
¿From Proposition 3.3 and Proposition 3.2 we immediately obtain Corollary 3.2. Let Γ be a noetherian k-algebra without zero divisors and U an integral Galois algebra with respect to Γ. Then Γ is a Harish-Chandra subalgebra in U.
Remark 3.1. Note that the converse statement in Proposition 3.3 is not true in general. We will show it for right integral Galois algebras. Consider the case when Γ is integrally closed in K and there is an automorphism ϕ :
and L * M is isomorphic to the skew polynomial algebra K[x; ϕ] ( [MCR] ). Its subalgebra U generated by Γ and x is a Galois algebra. Let U n ⊂ U be the Γ-subbimodule of monomials of degree n ≥ 0 and Γ m ⊂ K, m ≥ 0, the subalgebra generated by all ϕ i (Γ), where i = −m, . . . , 0. Then we have
Hence, for any n > 0, Γ n contains a non-integral over Γ element a n = ϕ −n (γ). Consider a right Γ-module xΓ generated by x. Then D r (xΓ) contains xΓ[a], which is not finitely generated, since the extension Γ ⊂ Γ[a] is not integral. Hence D r (xΓ) is not finitely generated and thus U is not right integral. On the other hand, clearly, U is left integral.
Example 3.8. As an example of the situation in Remark 3.1 one can consider
, and an automorphism ϕ ∈ Aut K such that ϕ(x 1 ) = x 1 and ϕ(x 2 ) = x 1 x 2 .
3.4. Properties of integral Galois algebras. Let U be a Galois algebra with respect to Γ.
Let S ⊂ M be a finite G-invariant subset. Denote U(S) = {u ∈ U | supp u ⊂ S}. Obviously, it is a Γ-subbimodule in U and D r (U(S)) = D l (U(S)) = U(S), since the multiplication on 0 = γ ∈ Γ does not change the support.
For
. . , n are defined in (5) nonzero homomorphisms. Then the homomorphism
is a monomorphism.
The case of f l S is treated analogously, substituting m −1 (Γ) ⊂Γ by m(Γ) ⊂Γ in the conditions of lemma. In particular all statements are valid in the case when Γ ⊂ U is a Harish-Chandra subalgebra.
Corollary 3.3. Assume U is a right (respectively left) integral Galois algebra with respect to Γ, {O i } i∈N is an ordering of the orbits of M with respect to the G-action. Then there exists a right (respectively left) Γ-module decomposition,
Proof. Following Lemma 3.3, (1) one can choose U i as a a right (respectively left) complement to the submodule U(
The necessary decomposition is obtained by induction on n. The second statement follows from (2).
Our goal now is to prove the following Theorem 3.1. Let U be a Galois algebra with respect to a noetherian Harish-Chandra subalgebra Γ. Then the following statements are equivalent.
(1) U is right (respectively left) integral.
(2) U(S) is finitely generated right (respectively left) Γ-module for any finite
is finitely generated right (respectively left) Γ-module for any m ∈ M.
Proof. Assume U is right integral. Consider a G-invariant finite subset S ⊂ M. Since the dimension dim r K U(S)K is finite (cf. [FO] ), there exist u 1 , . . . , u k ∈ U(S), which form a basis of U(S)K as a right K-space. Then
u i Γ , which proves (2). Obviously, (2) implies (3).
Assume (3) holds. We will show that U is right integral. Let M be a finitely generated right Γ-submodule in U. Then M ⊂ U(S) for some finite G-invariant subset S ⊂ M, and
, it remains to prove that U(S) is finitely generated as a right Γ-module by Lemma 3.2. Let S = S 1 ⊔ · · · ⊔ S n be the decomposition of S into G-orbits. Then following Lemma 3.4, (6), we can identify U(S) with its image under the monomorphism P S . Since U(S i ) is a finitely generated right Γ-module for every i = 1, . . . , n, we conclude that U(S) is finitely generated right Γ-module, which completes the proof.
G is a Galois algebra with respect to a noetherian Γ and M is group.
(1) If U e is integral extension of Γ and m −1 (Γ) ⊂Γ (respectively m(Γ) ⊂Γ), then U is right (respectively left) integral.
(2) If U e is integral extension of Γ and Γ is a Harish-Chandra subalgebra in U, then U is integral.
Proof. We will prove (1). Assume that U e is an integral extension of Γ, m −1 (Γ) ⊂Γ, but U is not right integral. Following Theorem 3.1, (3) there exists m ∈ M, such that D r (M) is not finitely generated, where M = U(G · m). Consider in D r (M) a strictly ascending chain of right Γ-modules
where 
3.4, (3)), which defines a nonzero morphism P S e : U(S) −→ U({e}) = U e . Applying P S e to the sequence (11), we obtain an infinite strictly ascending chain of right Γ-submodules in
f i g i , which is a contradiction. Statement (2) follows immeaditely from Proposition 3.2.
Corollary 3.4. Let U ⊂ L * M be a Galois algebra over noetherian Γ. Assume that M is a group and Γ is a normal k-algebra. Then the following statements are equivalent (1) U is integral over Γ.
(2) Γ is a Harish-Chandra subalgebra and, if for u ∈ U there exists a nonzero γ ∈ Γ such that γu ∈ Γ or uγ ∈ Γ, then u ∈ Γ.
Proof. Assume (1). Then Γ is a Harish-Chandra subalgebra by Corollary 3.2. Suppose that uγ ∈ Γ for some u ∈ U and γ ∈ Γ. Then (2) follows from Corollary 3.1, since u ∈ D r (Γ) = U e = Γ. To prove the opposite implication consider u ∈ U e . Since U e ⊂ K (Theorem 2.1, (1)), there exists γ ∈ Γ, such that γu ∈ Γ. Thus, u ∈ Γ. Theorem 3.2, (2) completes the proof.
The last corollary can be viewed as a non-commutative analogue of the following statement, which is probably well known. For the convenience of the reader we include the proof.
Proposition 3.4. Let i : A ⊂ B be an embedding of integral domains over k, such that A is non-singular. If the induced morphism of varieties i * : Specm B → Specm A is surjective then for any b ∈ B such that ab ∈ A, for some nonzero a ∈ A, follows b ∈ A.
Proof. We can assume that i induces an epimorphism of the Spec B onto Spec A and will use the following property of non-singular rings: for every m ∈ Specm A the localization A m is a unique factorization domain. Assume ab = a ′ ∈ A and fix m ∈ Specm A. Consider this equality in the ring B m . We can assume that a and a ′ are coprime in A m . If a is invertible in A m then b ∈ A m . In the opposite case there exists P ∈ Spec A such that a ∈ P and a ′ ∈ P , which shows that P does not lift to the point of Spec B. Since b ∈ A m for every m ∈ Spec A, it implies b ∈ A.
In particular, Proposition 3.4 holds in the case of an integral extension A ⊂ B with nonsingular A. Suppose that Γ is a Harish-Chandra subalgebra in the algebra U. For a ∈ U let
Denote by ∆ the minimal equivalence on Specm Γ containing all X a , a ∈ U and by ∆(U, Γ) the set of the ∆−equivalence classes on Specm Γ. Then for any a ∈ U and m ∈ Specm Γ holds
In particular if X is a finite-dimensional Γ−module then the module U ⊗ Γ X is a HarishChandra module.
4.2.
Correspondences associated with a bimodule. The situation described above allows the following generalization to the case of prime ideals. Let p ∈ Spec Γ,
Assume Γ is noetherian. Let M be a finitely generated left (resp. right) module over Γ. For m ∈ M denote Ann Γ (m) the ideal of γ ∈ Γ such that γm = 0 (resp. mγ = 0). By Ass(M) (= Ass Γ (M) ⊂ Spec Γ) we denote the set of prime ideals p in Γ associated with M, i.e. there exists m ∈ M, such that Ann Γ (m) = p. In particular any maximal annihilator is in Spec Γ.
Let Γ be a commutative ring, V a quasi-central Γ-bimodule. Denote by X V ⊂ Spec Γ × Spec Γ the associated with V relation (14)
Remark 4.1. Note that X V can be dually defined as
For p ∈ Spec Γ denote by Γ p the localization of Γ by the multiplicative set S p = Γ \ p. Abusing notation we will denote again by p the corresponding ideal in Γ p . Denote by K q the fraction field Γ p /p.
Define the category A = A(U, Γ) as follows
Any element x ∈ Γ q ⊗ Γ U ⊗ Γ Γ p can be presented in the form x = γ 1 ⊗ u 1 ⊗ 1 and in the form x = 1 ⊗ u 2 ⊗ γ 2 , for some γ 1 , γ 2 ∈ Γ, u 1 , u 2 ∈ U. We prove the first statement, the second is analogous. For s
q . Lemma 4.1. Assume, that if for nonzero u ∈ U holds (p, q) ∈ X V , where Set
Proof. Consider u ∈ U such that its class in A l,m (p, q) is nonzero. There is enough to prove,
The factors of this filtration are isomorphic to the factors of the
whereū is the class of u. If s 1 ∈ p, then s 1 acts bijectively, henceū = 0. So s 1 ∈ p and p ∈ Ass(W/qW ).
The composition of morphisms is defined as follows. Let a ∈ A(p, q), b ∈ A(q, r). Choose for any l, m, n ∈ N their representatives 1 ⊗ a l,m ⊗ s 
We define the functor F : U − mod −→ A − mod as follows:
It is easy to check, that F is a functor.
4.3.
Case of the maximal spectrum. Let Γ be an integral domain and a k-algebra and U a Galois algebra with respect to Γ. We assume that Γ is a Harish-Chandra subalgebra in U. Define a category A = A U,Γ with objects Ob A = Γ and the space of morphisms from m to n being
Then we have A =
D∈∆(U,Γ)
A D , where A D is the restriction of A on D. For m ∈ Specm Γ denote by D(m) denote the class of ∆-equivalence, containing m. The category A is endowed with the topology of the inverse limit and the category of k-vector spaces (k − mod) with the discrete topology. Consider the category A − mod d of continuous functors M : A−→k − mod ( discrete modules in [DFO] , 1.5). For any discrete A−module N define a Harish-Chandra U−module F(N) = ⊕ m∈Specm Γ N(m) and for x ∈ N(m) and a ∈ U define ax = n∈Specm Γ a n x where a n is the image of a in A(m, n).
Hence we have a functor The importance of the concept of a big subalgebra is described in the following statement. We will show next that an integral Galois algebra acts faithfully in the category of Harish-Chandra modules. First we need the following lemma.
Lemma 4.3. Let Γ be noetherian and M a finitely generated right Γ-module. Then the set of m ∈ Specm Γ such that Tor Proposition 4.1. Let U be an integral Galois algebra with respect to a noetherian algebra Γ. Then for every u ∈ U, u = 0 the set Ω u of m ∈ Specm Γ for which there exists n ∈ Specm Γ, such that the image of u in A(m, n) is nonzero, contains a massive subset.
Let (19) be a free resolution of M. It induces the resolution
Proof. We prove a stronger statement: there exists a massive set X u ⊂ Specm Γ such that for every m ∈ X u the imageū of u in U/Um is nonzero. Fix m ∈ Specm Γ and let N = uΓ ≃ Γ. Thenū = 0 if and only if
Assume this the case. Let S = 
the element u ∈ U acts non-trivially on U/Um. Now the statement follows from Theorem 4.1.
Representations of Galois algebras
Let U be a Galois algebra with respect to Γ in L * M.
Extension of characters.
We would like to know for which m ∈ Specm Γ, the character χ = χ m extends to an irreducible Harish-Chandra U-module. Denote by U χ the left module U/(U Ker χ). We will call U χ the universal module, generated by a χ-eigenvector. As we saw above U χ ∈ H(U, Γ) if Γ is a Harish-Chandra subalgebra. The problem is that in general we can not guarantee this. Moreover, U χ could be zero.
It is more convenient to work with the following extension of Γ. Denote by L the subalgebra in L generated by all γ m , where m runs M and γ runs Γ. If L ⊂Γ, i.e. every m ∈ M is integral, then any character on Γ can be extended to a character on L. In this case the extension Γ ⊂ L is analogous to the extension Sym[x 1 , . . . ,
Then L is a field of fractions ofL. If Γ ⊂ L is an integral extension thenΓ =L and any character of Γ can be extended to a character onL.
Let L = SpecmL. The elements ℓ of L will be called tableau. The canonical embedding Γ ֒→L induces the projection π : L −→ Specm Γ. The Galois group G acts on L and the orbits of this action are in the canonical bijection with Specm Γ, i.e. for m ∈ Specm Γ the group G acts transitively on π −1 (m) (cf. Proposition 2.1, chapter VII, [La] ). If m ∈ Specm Γ and |G · m| = |G| then the tableau ℓ ∈ L, such that π(ℓ) = m, will be called regular ; otherwise the tableau ℓ is called non-regular. If m ∈ Specm Γ then we will denote by ℓ m an element of L such that π(ℓ m ) = m. We will say that ℓ m lies over m. Since Γ is a subalgebra inL, we can for γ ∈ Γ and ℓ ∈ L write γ(ℓ) instead of γ(π(ℓ)). If ϕ ∈ AutL and γ ∈ Γ, then there holds γ ϕ (ℓ) = γ(ϕ −1 · ℓ). We will use the following localizations ofL. Let A M be the set of all a m , where m ∈ M and [aϕ] run all standard generators of U. Denote by Λ 1 an algebra generated overL by A M , and let Λ 2 be an algebra generated over Λ 1 by all
Then we have the following standard embeddings:
By L r ⊂ L denote the set of ℓ = ℓ m , such that M acts on ℓ without stabilizer and M·ℓ∩G·ℓ consists just of ℓ. In other words, for m = π(ℓ m ) ∈ Specm Γ holds S(m, m) = {e} (see 6.1) Set Ω r = π(L r ).
The following useful fact is obvious.
Lemma 5.1. If ℓ 1 , ℓ 2 ∈ L belong to different orbits of G, then there exists γ ∈ Γ, such that γ(ℓ 1 ) = γ(ℓ 2 ), in other words Γ distinguishes the orbits of G.
Let χ be a character ofL, and hence of Γ, m = Ker χ. It defines a representation M χ of L * M ⊂ L * M as follows:
where O m is the orbit of m in SpecmL with respect to the action of M. For any HarishChandra module M generated by a χ-eigenvector v ∈ M, supp M ⊂ O m . In particular, if U χ = 0 then U χ is a Harish-Chandra module and supp U χ ⊂ O m . In this case U χ is isomorphic to M χ asL * M-module.
Example 5.1. In the case of Generalized Weyl algebras, L = Γ, and the the structure of U-module on M χ can be defined for any character χ of Γ, identifying M χ with the universal module U χ (cf. [BBF] ).
Consider a skew semigroup algebra Λ 1 * M ⊂ L * M. Clearly Λ 1 * M contains the Galois algebra U. Ifχ : Λ 1 → k is a character then we can construct the universal Λ 1 * M-module
Theorem 5.1. Letχ : Λ 1 → k be a character, χ =χ| Γ .
(1) M(U,χ) is a Harish-Chandra (with respect to Γ) U-module.
(2) U χ = 0 and U χ ⊂ M(U,χ).
(3) Module U χ has a unique M-graded maximal submodule and unique graded irreducible quotient. (4) The module U χ is graded irreducible if and only if its support supp M U χ as a Mgraded module, is oriented connected.
Proof. The module M(U,χ) is a Harish-Chandra module by construction. It has a Usubmodule isomorphic to U χ , which is obviously nonzero. Also, U χ is M-graded module with 1-dimensional components. Note that this gradation may not coincide with the gradation by M·χ as a Harish-Chandra module. This happens when some ϕ ∈ M act periodically on χ. As a result the components in M·χ-gradation can be more than 1-dimensional. Since all components in M-gradation are 1-dimensional, U χ has a unique M-graded maximal submodule which does not intersect the χ-component. The basis elements of U χ are labelled by the elements of M and thus supp M U χ = M. Clearly, U χ is generated by any M-graded component if and only if its support is oriented connected.
Corollary 5.1. A character χ : Γ → k can be extended to an irreducible Harish-Chandra module if χ =χ| Γ for some characterχ : Λ 1 → k.
Recall, that a non-empty set X ⊂ Specm Γ is called massive, provided that X is a complement of countable many subvarieties of X of nonzero codimension. If the field k is uncountable then a massive set is dense (in Zariski topology) in Specm Γ. We will show that there exists a massive subset of characters in Specm Γ which can be extended to Harish-Chandra U-modules. We will use the following standard fact.
Lemma 5.2. Let π : SpecmL ֒→ Specm Γ be the canonical projection. If X ⊂ SpecmL is a massive subset then π(X) is massive in Specm Γ.
Proof. Since X is massive in SpecmL then X = ∩ i∈Z U i , where U i is open in SpecmL for any i ∈ Z. Moreover, π(U i ) contains an open set U ′ i ⊂ Specm Γ for every i, and hence
(1) Given χ : Γ → k there exists finitely many (possible none)χ :
(2) There exists a massive set X ⊂ Specm Γ such that any χ ∈ X can be extended to a characterχ
Proof. We have that L ⊂Γ andL =Γ. Hence any character of Γ has finitely many extensions to the characters ofΓ, and for any character ofΓ there either exists a unique extension to a character ofΓ[A M ] or none. This implies (1). The statement (2) follows from the fact that L is the field of fractions ofΓ.
Note, that if M · Γ ⊂Γ then any m ∈ M defines an automorphism ofL =Γ and, hence induces a continuous automorphism of L. In particular, this holds when Γ is a Harish-Chandra subalgebra.
Lemma 5.3. Suppose that the field k is uncountable. Then the sets L i ⊂ L and Ω i ⊂ Specm Γ, i = 1, 2, are massive. Moreover, if M · Γ ⊂Γ then L r and Ω r are massive.
Proof. Note that Λ 1 , Λ 2 are countably generated overL. Due to Lemma 5.2 it is enough to show that the corresponding subsets are massive in SpecmL.
The sets L 1 and L 2 can be characterized in the following way. Let Z 1 , . . . , Z N be the canonical generators of 
For any m ∈ M, m = e, set
Then X m is a proper closed subset in L. It is obviously closed since G is finite. If m ∈ M and g ∈ G then denote by L(m, g) the set of those ℓ for which m · ℓ = g · ℓ. Hence, X m = ∪ g∈G L(m, g). Assume that L = X m for some m ∈ M. Since the variety SpecmL is irreducible, we conclude that L(m, g) = L for some g ∈ G, and hence m = g. But this is impossible, since M is separating. Thus We have the following stronger version of Theorem 5.1.
Theorem 5.2. Suppose that the field k is uncountable.
(1) There exists a massive subset X 1 ⊂ Specm Γ, such that for every χ ∈ X 1 , U χ is nonzero Harish-Chandra module and supp U χ ⊂ O m , where χ = χ m . (2) If M is a group, then there exists a massive set X 2 ⊂ X 1 , such that for any χ ∈ X 2 the module U χ is a unique O m -graded irreducible U-module generated by a χ-eigenvector and supp U χ = O m . (3) If M is a group and M · Γ ⊂Γ, then there exists a massive set X r ⊂ X 2 , such that for any χ ∈ X r the module U χ is irreducible U-module with all 1-dimensional components. In this case there is a canonical isomorphism of k-vector spaces kM ≃ U χ .
Proof. Let X 1 = Ω 1 . Then for every χ ∈ X 1 , U χ = 0 by Theorem 5.1. Hence U χ is a Harish-Chandra module. Moreover, since U χ is SpecmL-graded, it has an irreducible quotient with a nonzero χ-eigenvector. This implies (1). Assume now that M is a group and set
a generator of U. By assumption, for every n ∈ M · m holds x h (n) = 0, hence every component of U χ , χ = χ m , generates the whole U χ . Therefore, U χ is irreducible as O mgraded U-module. Moreover, since U χ is the universal module generated by a χ-eigenvector, it is a unique such graded irreducible module, implying statement (2). Note that if M acts on m with a nontrivial stabilizer then U χ is not irreducible. Suppose now that M·Γ ⊂Γ. Then Ω r is massive by Lemma 5.3. Consider a subset X r = X 2 ∩ Ω r . Since Γ distinguishes the components by Lemma 5.1, it implies the irreducibility of U χ for any χ ∈ X r . The basis elements of U χ in this case are labelled by the elements of kM which completes the proof of (3).
Representations of integral Galois algebras
6.1. Extension of characters for integral algebras. We are in the position now to prove Theorem A stated in the Introduction.
Let U be a right integral Galois algebra with respect to Γ. Consider an arbitrary character χ : Γ → k and let m = Ker χ ∈ Specm Γ. Then by Lemma 3.3, (2) the module U/Um is nonzero. Denote by v the image of 1 in U/Um. Then mv = 0 which defines a gradation on U/Um by Specm Γ. Any non-zero graded simple quotient of U/Um satisfies the theorem. Therefore, there exists a simple U-module M extending the character χ and proving Theorem A.
The following corollary generalizes Theorem A for Spec Γ.
Corollary 6.1. If U is right integral then for any p ∈ Spec Γ there exists a U-module N, such that p ∈ Ass Γ (N).
Then there exists m ∈ Specm Γ such that p i (m) = 0, i = 1, . . . , n, s(m) = 0. Consider the character χ : Γ −→ Γ/m and a simple U-module M with a nonzero element v such that mv = 0. Applying the equality (22) to v we obtain a contradiction.
Of course the property of a Galois algebra to be right integral is not a necessary condition to guarantee an extension of an arbitrary character of Γ to a U-module. On the other hand we have the following Lemma 6.1. Let U ⊂ L * M be a Galois algebra with respect to a noetherian Γ. If every character χ : Γ −→ k extends to a representation of U then U e ⊂Γ ∩ K. If in addition M is a group and Γ is a Harish-Chandra subalgebra then U is integral.
Proof. If χ extends to a representation of U, then it extends to a representation of U e ⊂ K in particular. It implies that U e belongs to the integral closure of Γ in K. The second statement follows immediately from Theorem 3.2.
The following corollary gives a module-theoretic characterization of integral Galois algebra.
Corollary 6.2. Let U be a Galois algebra with respect to a noetherian algebra Γ, M a group and m −1 (Γ) ⊂Γ for any m ∈ M. Then every character χ : Γ → k lifts to a simple left (right) U-module if and only if U is right (left) integral.
6.2. Harish-Chandra modules for integral Galois algebras. We assume that Γ is normal and that it is finitely generated as an algebra over k. In particular, Γ =Γ = U e andΓ is finite over Γ by Corollary 2.1.
Let ℓ m and ℓ n be some maximal ideals ofΓ, lying over m and n correspondingly. Note that given m ∈ Specm Γ the number of different ℓ m is finite due to Corollary 2.2. Monoid M acts on both Specm Γ and SpecmΓ. Denote by S(m, n) the following
m ∈ GmG}. Note that the set S(m, n) can be empty and it does not depend on the choice of ℓ m and ℓ n . Really, if ℓ ′ m , ℓ ′ n , lying over m and n correspondingly, then ( [Mat] , Theorem 9.3, III)) there exist g ′ , g ′′ , such that ℓ Proof. Since the Galois group G is finite the proof follows immediately from Corollary 2.2.
For m ∈ Specm Γ denote byΓ m the completion of Γ by m.
Proposition 6.1. Let U be an integral Galois algebra with respect to Γ. Then for any m, n ∈ Specm Γ, such that S(m, n) is finite, theΓ n −Γ m -bimodule
is finitely generated.
The proof of the proposition is based on the following lemma.
Lemma 6.3. Let Γ be a Harish-Chandra subalgebra in U, m, n ∈ Specm Γ, S = S(m, n), m, n ≥ 0. Then
Proof. Fix u ∈ U and denote T = supp u \ S. If T = ∅ then u ∈ U(S). Let T = ∅. We show by induction in k, that there exists u k ∈ U(S), such that
Since ℓ t m and ℓ n belong to different G-orbits if t ∈ S, then by Lemma 5.1 there exists f ∈ Γ such that f (ℓ n ) = f (ℓ t m ) for every t ∈ T . Without loss of generality we can assume that f T (n, m) = t∈T (f (ℓ n ) − f t −1 (ℓ m )) = 1, which implies f T ∈ 1 + n ⊗ Γ + Γ ⊗ m. Set
Then u 1 belongs to u + nuΓ + Γum and, hence, u ∈ u 1 + nuΓ + Γum. Moreover, by Lemma 3.4, (2) u 1 ∈ U(S).
We prove the induction step k ⇒ k + 1. Writing in (25) the expression for u in the right hand side we obtain
that finishes the proof of the induction step, since
In the assumptions of Proposition 6.1 we have
Since U(S) is a noetherian Γ-bimodule by Theorem 3.1, the generators of U(S) as a Γ-bimodule generate any lim ←n,m U(S)/(n n U +Um m )∩U(S) as a Γ-bimodule, and hence generate A(m, n) asΓ n −Γ m -bimodule. This completes the proof of Proposition 6.1.
Corollary 6.3. Let Γ be a normal finitely generated k-algebra,
Proof. By Lemma 6.2 it is enough to prove that if x ∈ M(m) and S(m, n) is finite, then A D (m, n) · x is finite dimensional. But this follows immediately from Proposition 6.1.
6.3. Proof of Theorem B. We will show that under some conditions for integral Galois algebras there exists (up to isomorphism) finitely many simple Harish-Chandra modules extending a given character of Γ (hence we will prove Theorem B). Let U be an integral Galois algebra U with respect to Γ, m ∈ Specm Γ. Assume that Γ is finitely generated over k and St M (m) is finite. Then S(m, m) is finite by Lemma 6.2. Consider χ : Γ −→ k such that m = Ker χ. If Γ is not normal thenΓ is a finite Γ-module and χ admits finitely many extensions toΓ, by Corollary 2.2. Hence, it is enough to prove the statement in the caseΓ = Γ. But then Proposition 6.1 implies that Γ is big in m. By Lemma 4.2 there exists only finitely many non-isomorphic extensions of χ to simple U-modules, which completes the proof of Theorem B.
6.4. Harish-Chandra categories for integral Galois algebras. In this subsection we study in details the category of Harish-Chandra modules over integral U. We assume that Γ is finitely generated normal k-algebra.
Assume that Ω 2 and Ω r are as in 5.1.
Theorem 6.1.
(1) If m, n ∈ Specm Γ and S(m, n) = ∅, then A(m, n) = 0.
Then X a ⊂ (π × π)(X(a)). Consider the canonical embedding of Γ-subbimodules in L * M
Then, sinceΓ is a faithfully flat (i.e.Γ is flat andΓ ⊗ Γ M = 0 for any nonzero Γ-module M, [Mat] , Theorem 7.2) Γ-module, every χ :
Hence, every simple factor of Γ[am]Γ as Γ-bimodule factorizes through i. Consider a homomorphism of Γ-bimodulesΓ
Then the composition is just the pair (m · ℓ g , ℓ), where ℓ ∈ L and g ∈ G. It proves (2). To prove the statement (3) we note that, by Lemma 6.3 and by (18), A(m, m) is generated asΓ m -bimodule by the central elementē, which is the class of e ∈ U. On other hand, there exists the canonical complete algebra homomorphism i :Γ m −→ A(m, m), i(1) =ē, which is clearly surjective.
Obviously [Ex] .
Let U ⊂ L * M be a Galois algebra. Consider a massive subset X(U) ⊂ Specm L consisting of those ℓ ∈ Specm L for which a g (ℓ) is defined for all g ∈ G/H m , m ∈ M and [ma] ∈ U. Then U ℓ = 0 for all ℓ ∈ X(U).
Fix ℓ ∈ X(U) and consider the orbit O ℓ = M · ℓ. Then U acts on O ℓ and this action defines a Harish-Chandra U-module M[ℓ] whose support is O ℓ . Clearly, M[ℓ] is a weight Harish-Chandra module.
A tableau ℓ ∈ X(U) will be called M-regular if π(ℓ) = π(ℓ m ) for all m ∈ M. If ℓ is M-regular then all weight spaces of M[ℓ] are 1-dimensional and it has a basis consisting of tableaux [ℓ ′ ], ℓ ′ ∈ O ℓ . We will denote by GT (U) a full subcategory in U − mod consisting of modules with a basis labelled by the subsets of the orbits of M-regular tableau in X(U). The category GT (U) will be called the Gelfand-Tsetlin category. The action of the generators of the Galois algebra U on basis elements of any V ∈ GT (U) is analogous to the classical GelfandTsetlin formulas for finite-dimensional representations of gl n .
Theorem D immediately implies
Corollary 6.5. Let M be a group, u a nonzero element of an integral Galois Γ-algebra U with a noetherian normal Γ. If u ∈ U acts trivially on all tableaux modules then u = 0.
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